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Abstract
The event horizon of black holes and white holes can be achieved in the context of analogue gravity.
It was proven for a sonic case that if these two horizons are close to each other their dynamics resemble
a laser, a black hole laser, where the analogue of Hawking radiation is trapped and amplified. Optical
analogues are also very successful and a similar system can be achieved there. In this work we develop
the theory of optical black hole lasers and prove that the amplification is also possible. Then, we study
the optical system by determining the forward propagation of modes, obtaining an approximation for
the phase difference which governs the amplification, and performing numerical simulations of the
pulse propagation of our system.
Keywords: black hole laser; analogue gravity; Hawking radiation; pulse dynamics; negative fre-
quency.
1 Introduction
The emerging field of analogue gravity [1–3] has been successful in relating gravity with analogue
systems taken from different fields of physics such as water waves [4, 5], Bose-Einstein condensates
(BECs) [6], optical pulses in fibers [7], and more recently, Type-II Weyl Fermions [8] and magnetization
dynamics [9]. Furthermore, advances in both gravitational and analogue systems have been possible
through the study of these analogies. Part of their success is due to the interplay between theoretical
models and experimental results [7, 10, 11]. One of the main topics of interest is the creation of particles
at the event horizon of a black hole, i.e., Hawking radiation.
S. Hawking predicted in 1974 that black holes emit particles with a thermal spectrum [12] and W.
Unruh established in 1981 that the motion of sound waves in a convergent fluid flow corresponds to
the model of the behavior of a quantum field in a classical gravitational field [13]. Since those seminal
works, Hawking radiation has been considered a fundamental phenomenon of quantum field theory in
curved space and has been used as an acid test for quantum theories of gravity [14].
Furthermore, in 1999, S. Corley and T. Jacobson proved for sonic horizons (such as those achieved in
BECs) that if the analogues of a black hole (BH) and white hole (WH) horizons are close to each other,
the Hawking process is self-amplifying under certain conditions. As the mechanism of amplification
resembles that of a laser, this phenomenon was called black hole laser (BHL) [15]. The conditions for
amplification are a bosonic field, a defined order of the horizons that we call WH–BH order, an anoma-
lous dispersion, and a change of the velocity profile of the fluid flow.
In particular, models in water, BECs and optics are among the most successful in studying analogue
Hawking radiation. In these areas, the theory from which the corresponding dispersion relations is de-
rived is well-known. Also, the study of objects such as white holes is justified, even when there are no
known mechanisms of formation in the gravitational case [16]. A numerical study of the hydrodynam-
ical BHL has been recently published [17] In addition, experiments to verify the theoretical models are
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feasible. For example, in 2014 J. Steinhauer claimed to have measured radiation from a black hole laser
formed in a BEC [18].
On the other hand, optical analogues are also very successful in proving the quantum properties of
Hawking radiation. An optical black hole laser (OBHL) was presented by D. Faccio et al. in 2012 and
numerical simulations were shown as evidence of the phenomenon [19]. However, the conditions in
the optical case are different than those in the sonic one, and therefore, the proof of amplification of the
latter cannot be used in the former.
In this work, we present a theoretical description of the OBHL following the approach of Corley and
Jacobson, that is, by providing a WKB description of the evolution of frequency modes through a cavity
and allowing mode conversion processes at the horizons. In the optical context, the cavity is formed by
a pair of light pulses. In particular, we study the Hawking process also for a bosonic field, in this case
photons, but in the normal dispersion regime. This forces an inverse order of the horizons (a BH–WH
order) to get the proper kinematic behavior. Moreover, the change of velocity is now due to dispersion,
and not as a consequence of modifications in the fluid flow. Hence, is Hawking radiation amplified in
the optical analogue? And if so, under what conditions? Here we answer these questions.
In addition, we derive the forward propagation of modes and, in this way, the heuristic argument
for the amplification is easier to follow. Furthermore, it is known that the amplification depends mainly
on the phase difference of the modes in both horizons [19, 20]. Here, we develop a method to approx-
imate this phase difference and study its behavior. Finally, we present some numerical simulations of
the OBHL based on the nonlinear Schro¨dinger equation (NLSE) including negative frequencies [21, 22],
which are usually not considered in this kind of simulations but that are necessary to obtain the cor-
rect modes of the black hole laser and its amplification [23]. Besides, they have been measured in the
laboratory [24].
This work is organized as follows. The concept of the analogue of the event horizon in an optical
context is reviewed in Section 2. In Section 3 we describe the fundamental ideas behind the construction
of an OBHL and provide the necessary theory to define the values of the frequency modes that interact in
the cavity following the WKB description. Then, the theoretical analysis of the propagation of frequency
modes through the cavity and the proof of the amplification of the Hawking process in the OBHL are
both detailed in Section 4. Numerical simulations of the propagation of modes in the cavity are shown
in Section 5. Finally, we present our conclusions in Section 6.
2 The optical analogue of the event horizon
All the analogues of the event horizon consider the black hole spacetime as a moving medium, i.e., as
a fluid whose movement is caused by gravity, and consider light as waves moving in this fluid. For
the optical case the analogy goes one step further: the waves are light waves and the moving fluid is
replaced by propagation inside a dielectric material [7]. We will now summarize and compare both
analogies.
2.1 Space time as a moving fluid
As we are interested in the most basic features of black holes, we choose to study the simplest of them:
the one that only has mass M (no charge Q nor angular momentum L). This black hole is described
by the Schwarzschild metric, which characterizes a spherically-symmetric space with a mass M at the
origin. The corresponding metric is given in Painleve´-Gullstrand-Lemaıˆtre coordinates [25–27] by:
ds2 = c2dt2 −
(
dr +
√
rS
r
c dt
)2
− r2dΩ2, (1)
where dΩ2 = dθ2 + sin2 θ dφ2 is the solid-angle element, (r, θ, φ) are the spherical coordinates, c is the
speed of light in vacuum, and rS = 2GM/c2 is the Schwarzschild radius. For the Hawking effect and
the fluid analogue it is only necessary to consider a 1 + 1 dimensional metric, which can be done by
setting dΩ = 0. The term v(r) = c
√
rS/r of Eq. (1) can be interpreted as the velocity profile of space if
it is thought of as a fluid [28]. In this picture, space emerges out of the white hole or falls into the black
2
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Figure 1: (Color online). Flowing river of space in an astrophysical white hole (left) and black hole (right). At
the horizons (yellow lines), the space flow (black arrows) equals c. Counter-propagating modes (red arrows)
cannot escape from the region inside the event horizon in the black hole or penetrate to the same region in the
white hole.
hole as shown in Fig. 1. At the Schwarzschild radius r = rS, the flow velocity equals c so the speed of
light is exceeded by the flow beyond that point. Therefore, it is impossible to escape out of the black
hole once inside the Schwarzschild radius. In the time reversal case, corresponding to the white hole, it
is impossible to penetrate beyond rS.
2.2 Optical analogy of a horizon
There were attempts to create a flow in an optical context in order to induce a kinematic horizon using
slow light [29]. It was later proposed that a localized pulse that propagates through an optical fiber and
a change of reference frame are sufficient to recreate the horizon [7].
In terms of the laboratory coordinates (z, t), a retarded time τ and a propagation time ζ can be
defined as
τ = t− z
u
, ζ =
z
u
, (2)
where u is the group velocity of the localized pulse, which acts as a perturbation. The coordinates
(ζ, τ) define the co-moving frame. We will consider a fixed-shape pulse propagating in z with constant
velocity. Then, the properties of the effective medium in the co-moving frame depend only on τ, which
plays the role of space (whereas ζ plays the role of time). This can be achieved exactly by using solitons
or as an approximation if the horizon dynamics is faster than the pulse dynamics in the fiber.
One of the main advantages of working in the co-moving frame is that the frequency in this frame
ω′ is invariant [30]. Actually, it can be shown that frequency conservation in the co-moving frame
is equivalent to momentum conservation in the laboratory frame, and in turn, to a phase-matching
condition [31]. The frequency ω′ is explicitly given by the Doppler relation
ω′(ω) = ω−ωu
c
n(ω). (3)
The effect of the localized pulse is to change the original phase index of the fiber n(ω) by an additional
contribution δn, which depends on the intensity of the pulse, i.e., δn ∝ I(τ), and moves inside the fiber
with a constant velocity u. This is called the optical Kerr effect [7, 31]. The effective phase index neff is
then given by
neff(ω, τ) = n(ω) + δn(τ). (4)
2.3 Interaction of a probe pulse with a light perturbation
Given a localized perturbation moving through an optical fiber with velocity u, we consider a probe
pulse with velocity v in the fiber. Two situations may occur according to the values of u and v. In the
case where u < v, the perturbation will be caught up by the probe pulse approaching from behind,
as viewed in the laboratory frame. As the probe pulse reaches the trailing edge of the perturbation, it
will be slowed down by the higher group index, and it will eventually be blocked at a point zWH in the
3
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Figure 2: (Color online). (Left) Cavity formed by two solitons in the laboratory frame. The white hole (WH)
and black hole (BH) horizons are in the trailing and leading edge of the pulses, respectively. (Right) Location
of the horizons in the co-moving frame, with an apparent flip of the horizons. The probe pulse is blocked at the
WH and is unable to escape from the BH (magenta arrows) due to the flow velocity (orange arrows indicate
the magnitude in the co-moving frame).
laboratory frame or τWH in the co-moving one. The following relation is then satisfied
u =
c
ng + δn(τWH)
, (5)
where ng is the group index of the fiber, which is inversely proportional to the group velocity vg. This
is reminiscent of a white hole horizon. On the other hand, if u > v, an analogue of a black hole horizon
is obtained for the leading edge of the perturbation. Therefore, under these conditions, a single pertur-
bation recreates the analogue of both a white hole (trailing edge) and a black hole (leading edge). In
addition, it should be noted that there is an apparent flip between left and right when we transform
between the laboratory and the co-moving frames, as shown in Fig. 2.
The condition of occurrence of the event horizons is given by the relation
c
ng + δnmax
≤ u ≤ c
ng
, (6)
where δnmax is the maximum change in the phase index, which is reached at the peak of the perturbation.
There are two possible ways of interpreting Eq. (6). If the background group index ng and perturbation
amplitude δnmax are given, only perturbations that move at a velocity u in the interval defined by Eq.
(6) give rise to both analogue horizons. On the other hand, if u and δnmax are given, the effect of the
horizons will occur for pulses with frequencies ω such that ng(ω) satisfies Eq. (6) [16].
If we consider the effect of the perturbation, ω′ is modified by the effective phase index as
ω′eff(ω) = ω−ω
u
c
[n(ω) + δn] = ω′(ω)−ωu
c
δn, (7)
where ω′(ω) is given by Eq. (3). Notably, ω′eff is the conserved quantity in the system formed by the
probe and the perturbation. We will use this fact in the derivation of the next section.
3 The optical black hole laser
The basic idea of an optical black hole laser is to trap a probe pulse in a cavity formed by light pertur-
bations. As previously mentioned, this probe will be confined because it will be slowed down when
it reaches any of the perturbations due to the Kerr effect. A cavity can be constructed by using two
positive-valued perturbations generated by two independent laser pulses that are placed a certain dis-
tance z (or time τ) apart inside the fiber [19], as shown in Fig. 2.
In order to construct a cavity that does not modify its shape during ζ-propagation (so as to isolate
the effect of the local decrease in the group velocity), we use two solitons centered at the same frequency
ωc and separated a fixed time τc (c stands for cavity). Usually, the dispersion of the fiber is in the so-
called normal dispersion regime, i.e., ng(ω) increases with increasing ω. Nevertheless, solitons can only
exist in the anomalous regime, in which ng(ω) decreases with increasing ω. Thus, there must be some
frequency interval in the dispersion of the fiber that is anomalous. This situation is very common for
example in photonic crystal fibers [31].
4
The Theory of Optical Black Hole Lasers Gaona-Reyes, Bermudez
��� ��� ��� ��� ���
����
����
����
����
����
����
����
����
ω (���)
ω
�(��
�) !min !max
!h!0(!h)
!0e↵(!h-max) !h-max
Figure 3: (Color online). The frequencies for which the horizons occur are found by solving Eq. (8) for δn =
0 (orange) and δn = δnmax (green), yielding the frequencies ωh and ωh-max, respectively. The laboratory
frequencies in the interval (ωmin,ωmax) experience the effect of the horizons as its corresponding value of the
co-moving frequency is in the interval
(
ω′eff (ωh-max) ,ω
′(ωh)
)
.
3.1 Determination of frequency modes
The range of frequencies that experience the horizons is found by solving Eq. (6). Alternatively, the
frequencies can be obtained by determining the null values of the derivative of ω′eff(ω) in Eq. (7), that
is,
dω′eff
dω
=
dω′
dω
− u
c
δn = 0. (8)
Then, the frequencies that correspond to the analogue of the event horizons depend on the value of δn.
The limiting values of Eq. (6) can be obtained by setting δn = 0 and δn = δnmax. In particular, for regions
of normal dispersion with positive values of ω′eff, the solutions correspond to maxima of ω
′
eff(ω), so if ωh
is the solution of Eq. (8) corresponding to δn = 0 and ωh-max corresponds to δn = δnmax, then the range
of frequencies that experience the horizons is such that the corresponding frequencies in the co-moving
frame are contained in the interval
(
ω′eff(ωh-max),ω
′(ωh)
)
, as shown in Fig. 3. The frequency interval in
the laboratory frame is thus given by the solutions of ω′(ω) = ω′eff(ωh-max). In Fig. 3, we called ωmin
and ωmax the frequencies that satisfy this condition, so the laboratory frequencies that experience the
horizons are contained in the interval (ωmin,ωmax).
The dynamical evolution of pulses in this interval corresponds to a region of normal dispersion.
Given this region, a simplified model of the dispersion relation (see Ref. [30]) can be used to study the
effect of the perturbation. This model includes the essential properties to describe the dispersion of light
in a fiber, and is able to create the analogue of the event horizons. In the absence of perturbation, the
propagation constant β(ω) can be approximated by the relation
β2(ω) =
ω2
c2
(
b21 + b2ω
2
)
, (9)
where the parameters b1 and b2 are found by imposing that ω′(ωh) is a maximum of the dispersion
relation.
The frequency modes that conserve ω′ are the ones that can exist after a nonlinear interaction with
the cavity that causes the mode conversion processes. We can find these modes by solving Eq. (7) using
the approximated model for β(ω) given by Eq. (9). For a given input frequency ωIN, the co-moving
frequency is ω′0 ≡ ω′(ωIN), that is
ω′0 = ω− u
ω
c
(√
b21 + b2ω
2 + δn
)
. (10)
As we mentioned in Section 2.2, ω′0 is a conserved quantity. On the other hand, this equation shows the
two main differences between the black hole laser in the optical and sonic contexts (see Eqs. (2.6) and
5
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Figure 4: (Color online). Modes corresponding to a fixed value of the co-moving frequency ω′0 in the laboratory
frame (left) and in the co-moving frame (right). The three modes IN, P, and N are found for the dispersion
relation with δn = 0 (orange line). For the dispersion with δn = δnmax (green line), only the T mode is found.
The inset shows mode propagation in the vicinity of a BH.
(2.7) in Ref. [15]). First, the dispersion relation for the OBHL is normal, in contrast with the anomalous
dispersion considered for the sonic case. In addition, in the sonic case there is a velocity profile v(x)
that yields the solutions of Eq. (10) by fixing a value of v(x) that corresponds to a superluminal or a
subluminal velocity. In contrast, in the optical case there is no velocity profile because the velocity u of
the frame co-moving with the perturbation is fixed. The corresponding modes are found by the effect of
the perturbation which is changing the dispersion relation by an additional contribution δn to the phase
index.
In addition to the input mode (IN) with frequency ωIN, two other solutions of Eq. (10) are found for
δn = 0. They will be denoted as P (positive laboratory frequency mode) and N (negative laboratory fre-
quency mode). These three modes are trapped in the cavity formed by the perturbations and, according
to Eq. (6), correspond to a superluminal velocity. On the other hand, the effect of the contribution δn
can be thought of as a clockwise rotation of the curve ω′(ω). Therefore, for a large enough δn = δnmax
there is only one additional solution that shall be denoted as T (transmitted mode) that exists outside the
cavity and corresponds to a subluminal velocity. The four possible solutions are shown in Fig. 4. The
number of solutions for the superluminal and subluminal velocities shows another difference between
the optical and sonic cases. If the possible solutions of the frequency modes in the OBHL were found by
fixing the values of a velocity profile, as in the sonic case, then the number of solutions in the subluminal
and superluminal would be inverted.
The approach of Corley and Jacobson [15] can be followed by noticing that a rearrangement of Eq.
(10) yields
[−W0 +Wv(τ)]2 =W2 + W
4
Ω20
, (11)
whereW = b1ω, the constantsW0 and Ω0 are given by the relationsW0 = ω′0c/u, Ω20 = b41/b2 and we
define the quantity
v(τ) =
c
b1u
[
1− u
c
δn(τ)
]
. (12)
The importance of the rearrangement shown in Eq. (11) is that its structure is of the same form as that
used in the sonic case. So, even if the frequency modes are not given by the possible values of a velocity
profile, they can be found according to the values of the quantity v(τ), thus establishing an equivalence
between the velocity profile in the sonic case and the modification of the dispersion relation by the
additional contribution δn in the optical case.
3.2 Propagation of frequency modes
The group velocity of each mode can be found using Eq. (8). The direction can easily be obtained with
the sign of the derivative in the ω′(ω) diagram (see Fig. 4). The modes that correspond to δn = 0
6
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Figure 5: (Color online). Spacetime evolution of an outgoing T mode backwards in ζ (left) and of an incoming
IN mode forwards in ζ (right). Destruction of wave modes by mode conversion is indicated by the end of
lines. Solid lines refer to positive frequency (and norm) modes and dashed lines to negative ones.
propagate through the interior of the cavity in such way that the IN mode travels in the BH→WH
direction, whereas P and N propagate in the opposite direction. On the other hand, the T mode exists
only outside the cavity, when δn = δnmax. This mode propagates away from the BH to the right or
approaches the WH from the left, as shown in the inset of Fig. 4. Strictly speaking, after this mode
moves away from the localized perturbation it transforms into an N mode (which also has negative-
frequency and that moves in the same direction) and leaves the system. In our study we will continue
labeling this mode as T to distinguish it from the N mode inside the cavity.
In particular, the evolution of a final T mode backwards in ζ can be described based on a WKB
framework complemented by mode conversion processes at the horizons. In this picture, as shown in
the diagram of Fig. 5 (left), the final T mode approaches the BH, where it transforms into an N mode.
In addition, mode conversion allows the existence of a P mode that is not obvious based only on the
dispersion curve, but that is possible because this mode conserves ω′0 (see Fig. 4). Even though the IN
mode also conserves the frequency ω′0, there is no mode conversion to this mode because it moves in
the opposite direction. Then, the pair of P and N modes propagate towards the WH. When they reach it,
the two modes give origin to a T mode that propagates further to the left of the cavity, and an IN mode
that propagates again to the BH. As the IN mode approaches the BH, a pair of P and N modes arises
through mode conversion and the subsequent processes are as previously described.
On the other hand, let us consider the evolution of an IN mode inside the cavity forwards in ζ, as
seen in Fig. 5 (right). This mode travels towards the WH, where it is converted into a pair of P and N
modes by mode conversion. Conversion to the N mode with negative frequency is possible because this
mode also conserves ω′0 (see Fig. 4), and moves in the proper direction unlike the T mode. Then, these
modes travel towards the BH, where they give origin to a T and an IN modes. At this stage, the T mode
escapes the cavity and the IN mode repeats the process.
3.3 Approximation of frequency modes
We start by proposing the following action for the bosonic field in the (τ, ζ) coordinates
S =
∫
dζL = e0
2
∫
dζdτ
{[(
∂ζ − v(τ)∂τ
)
Φ
]2
+ΦFˆ(∂τ)Φ
}
, (13)
where the operator Fˆ(∂τ) is defined as
Fˆ = ∂2τ −
∂4τ
Ω20
(14)
Given this action, the Euler-Lagrange equations yield the following equation of motion[
∂ζ − ∂τv(τ)
] [
∂ζ − v(τ)∂τ
]
Φ = Fˆ(∂τ)Φ. (15)
7
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Proposing a solution of the form
Φ(τ, ζ) = exp
(
iW0ζ + i
∫
dτW(τ)
)
, (16)
and neglecting derivatives of bothW(τ) and v(τ), we reproduce the dispersion relation of Eq. (11). On
the other hand, allowing a more general solution of the form Φ(τ, ζ) = exp (iW0ζ) φ(τ), substitution in
Eq. (15) yields the following relation
− 1
Ω20
φ(iv)(τ) +
[
1− v2(τ)
]
φ′′(τ) + 2v(τ)
[
iW0 − v′(τ)
]
φ′(τ)− iW0
[
iW0 − v′(τ)
]
φ(τ) = 0. (17)
Following the WKB method, we choose φ(τ) as the τ-term in Eq. (16) and obtain the following expres-
sion forW(τ)
− 1
Ω20
W4 −
[
1− v2(τ)
]
W2 − 2v(τ)W0W +W20
= −i d
dτ
{
2
Ω20
W3 +
[
1− v2(τ)
]
W2 +W0v(τ)
}
− 1
Ω20
[
4WW ′′ + 3 (W ′′)2]+ i
Ω20
W (3).
(18)
After letting τ → ατ and assuming thatW(τ) may be expanded in inverse powers of α, (where α is
just an auxiliary parameter that will be set as α = 1 at the end), the condition that each power of 1/α
vanishes separately gives an infinite set of equations, where the lowest orders produce the following
frequencies of the modes in consideration
WIN,T =− W01− v(τ) , (19)
WP,N =±Ω0
√
v2(τ)− 1+ W0v(τ)
1− v2(τ) + i
3
4
d
dτ
ln
[
v2(τ)− 1
]
. (20)
These solutions should be evaluated with δn = 0 for the IN, P, and N modes and with δn = δnmax for
the T mode.
4 Hawking Amplification in the OBHL
In this section we will obtain the connection formulas, which describe the relation between the modes
at both sides of the horizons. In addition, we will derive the equations for the evolution of packets in
the OBHL and we will prove the amplification of the Hawking radiation. Finally, we will use a simple
model to study the conditions of maximal amplification.
4.1 Connection formulas
We can set the origin of our τ-coordinate so that τBH = 0, and work with b1 = 1 in a set of units such
that v(0) = 1 in Eq. (12). This arrangement can be seen in Fig. 6. Under this condition, we expand v(τ)
up to first-order, which is useful to define a parameter κ that plays the role of the surface gravity as it is
common in analogue systems [7, 15]. The parameter κ is explicitly given by
κ =
dv
dτ
∣∣∣∣
τ=0
= − 1
b1
dδn(τ)
dτ
∣∣∣∣
τ=0
, (21)
and is a negative quantity for the leading edge where the BH is located. Following the approach of
Corley [32], the Laplace transform method can be used to solve Eq. (17). Under the assumptions that
|κ/τ|  1 and |κ21/κ|  1 (where κ1 is the second term in the expansion of v(τ) around τ = 0), Eq. (17)
takes the form
8
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Figure 6: (Color online). Equivalent velocity profile v(τ) in the case of a cavity formed by two solitons. The
points τWH and τWH are defined as the solutions of v(τ) = 1. Note that τ˜BH and τ˜WH are important times in
the approximation the phase difference in Section 4.5.
−Ω−20 φ(iv)(τ)− 2κτφ′′(τ) + 2 (iW0 − κ) φ′(τ)− iW0 (iW0 − κ) = 0 (22)
The solutions derived from the Laplace method can be expressed in terms of those obtained by the WKB
approach (see Eqs. (18-20)). From there, the following connection formulas hold
K
(
e−piW0/(2|κ|)φP + epiW0/(2|κ|)φN
)
←→ φT, (23)
−φIN + K
(
epiW0/(2|κ|)φP + e−piW0/(2|κ|)φN
)
←→ 0, (24)
where the parameter K is defined as
K =
√
W0
2Ω0
sinh−1
(
piW0
|κ|
)
, (25)
and the arrows indicate a connection between the solutions at both sides of the horizon. It can be
shown [15] that the solutions of Eq. (15) around the WH, located at τWH, are the complex conjugates of
those at the BH for a symmetric cavity, so the corresponding connection formulas for the WH have the
same structure as those shown in Eqs. (23) and (24). More importantly, the solutions at both horizons
differ in a phase only, so they can be expressed without loss of generality as
φ˜IN(τWH − τ) = eiθIN(W0)φIN(τ), (26)
φ˜P,N(τWH − τ) = eiθP,N(W0)φP,N(τ). (27)
4.2 Norm of the frequency modes
As the generalized Lagrangian density L of the action (13) is invariant with respect to the transformation
φ′ = eiλφ of the complex field φ, an associated current is conserved such that its ζ-component can be
used to define the following inner product
(φ1, φ2) =
ie0c2
uh¯
∫
dτ
[
φ∗1
(
∂ζ − v(τ)∂τ
)
φ2 − φ2
(
∂ζ − v(τ)∂τ
)
φ∗1
]
, (28)
which satisfies ∂ζ(φ, φ) = 0, that is, the norm is conserved. This inner product coincides with that de-
fined in Ref. [7] except for a factor of−1. This sign is usually chosen so that the signs of the norm and the
laboratory frequency coincide. Norm conservation will prove essential to understand the amplification
of the analogue of Hawking radiation in the OBHL. We can construct wave packets from the solutions
of the frequency modes as
ψ =
∫ dW0√W0 GW0eiW0ζφ [W(W0)], (29)
9
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where GW0 is the amplitude obtained from matching the connection formulas in Eqs. (23) and (24) and
the evolution formulas. The latter describe the behavior of wave packets as they evolve with respect to
ζ and will be obtained in the following section. We will also show that the sign of the norm of the wave
packet agrees with the sign of the frequency in the laboratory frame. We can choose to evaluate the norm
of each packet in a region where v(τ) is approximately constant, as it is conserved in ζ. For the three
frequency modes corresponding to δn = 0 (IN, P, N), the previous approximation is justified if the cavity
is long compared with the duration of the perturbations. On the other hand, if we want to describe the
process occurring in the system formed by the cavity and the probe pulse, the best approximation that
can be made is to evaluate the norm of the T packet with δn = δnmax.
It is possible to verify that the solutions of Eq. (17) can be expressed in the form
φW0(τ) = CW0e
iW(W0)τ , (30)
where ∣∣CW0 ∣∣IN,T = 1, ∣∣CW0 ∣∣P,N = [v2(τ)− 1]−3/4 . (31)
These relations hold if we redefine the modes P and N by only considering the first two terms of Eq.
(20), as the last term is already included in the expression for |CW0 |P,N. On the other hand, the explicit
calculation of the inner product yields the following relations
(ψIN,T,ψIN,T) ' ±4pie0c
2
uh¯
∫
dW0|GW0 |2, (32)
(ψP,N,ψP,N) ' ±4pie0c
2Ω0
uh¯
∫
dW0
|GW0 |2
W0 . (33)
Having obtained these approximated expressions for the norms of the packets, we can give a qualita-
tive explanation of the amplification of the analogue of Hawking radiation in the OBHL. Let us consider
the evolution forwards in ζ of an initial IN packet inside the cavity, as studied in Section 3.2 and shown
in Fig. 5 (right). Due to norm conservation, the following relations hold
(INj, INj) = (INj+1, INj+1) + (Tj+1, Tj+1), j ≥ 0, (34)
where IN0 is just the initial IN packet mentioned before. According to Eqs. (32) and (33), the INj (Tj)
packets have positive (negative) norm, therefore Eq. (34) indicates that (INj+1, INj+1) > (INj, INj),
where j ≥ 0. For each cycle of mode conversion processes at the horizons, the norm of the INj packets
grows by a fixed multiple. By rearranging Eq. (34) in order to express the norm of the Tj packets in
terms of the INj ones, it can be seen that (Tj+1, Tj+1) > (Tj, Tj), and moreover, that the norm of the Tj
packets grows (in magnitude) by the same multiple as the INj packets. This results in an increase of
emitted radiation when viewed forwards in ζ, because the number of particles emitted is related to the
expectation value of the number operator defined in terms of the T packets, as we will see in Section 4.4.
On the other hand, if the evolution backwards in ζ of the outgoing T packet with negative norm of
Fig. 5 (left) is considered, then the norm conservation yields the same relation as in Eq. (34), so that the
norm of both packets grows backwards in ζ, but when viewed forwards in ζ, this fact is consistent with
the conclusion previously stated that the Hawking process is self-amplifying [15].
4.3 Evolution formulas
In this section we will derive the evolution formulas that describe quantitatively the propagation of
modes as we outlined in Section 3.2. First, we check the results (see Ref. [15]) for the evolution backwards
in ζ of a final outgoing packet T, as shown in Fig. 5 (left). The backward evolution formulas are based
on the (a), (b), (c), and (d) diagrams of Fig. 7 (left). The final evolution formula describes the evolution
of a pair of T packets emitted from the BH at cycles n and m of amplification, where n > m, in terms of
all the packets inside the WH involved in the process. The following expression is obtained
ψ`,n,T +
n−m
∑
j=1
χ`,n−j,T − ψ`,m,T −→ ψn,T − ψm,T, (35)
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Figure 7: (Color online). Spacetime sketches of the local wave packet evolutions in ζ. Evolution of an outgoing
T packet backwards in ζ (left) and an incoming T` forwards in ζ (right). An incoming IN packet forwards in ζ
requires just (c) and (d) from the right-hand side.
where the difference between the packets at the left of the WH, labeled by the index `, is that the χ`,T
packets account for the intermediate mode conversion processes in which there are no outgoing T pack-
ets considered, whereas the ψ`,T packets result from the backward evolution in ζ of the pair of P and N
packets that come from the final outgoing transmitted packets.
On the other hand, we now derive formulas to describe the evolution of an initial T packet that
approaches the WH forwards in ζ based on the (a), (b), (c), and (d) diagrams in Fig. 7 (right). As in
the previous case, the idea of the evolution formula is to describe a global solution of the equation of
motion. Following all the forward diagrams, we obtain an explicit relation (see Appendix) of the form
ψ`,n,T −→ ψn,T +
m−n
∑
j=1
χn+j,T + ψm,IN. (36)
If we want to see the amplification between the n and m cycles, we can use the expression
ψ`,n,T − ψ`,m,T −→ ψn,T +
m−n
∑
j=1
χn+j,T − ψm,T, (37)
which is obtained with Eq. (36) (see Appendix). This is an evolution formula that describes the process
where a pair of ψ`,k,T packets are sent through the WH, getting (m− n) χk,T packets and a pair of ψk,T
packets outside the BH. If the initial situation corresponds to an IN mode trapped in the cavity, the
evolution formula in ζ of Eq. (36) reduces to
ψn,IN −→
m−n
∑
j=1
χn+j,T + ψm,IN, (38)
which can be seen by following the (c) and (d) diagrams of Fig. 7 (right). In contrast, for the case of two
initial P and N modes, the corresponding evolution formula is given by
ψn,P + ψn,N −→ ψn,T +
m−n
∑
j=1
χn+j,T + ψm,IN, (39)
according to the (b), (c), and (d) diagrams.
4.4 Particle creation
Given a normalized solution f (τ, ζ) to the wave equation, an operator aˆ( f ) can be defined in terms of a
self-adjoint operator solution φˆ as aˆ( f ) ≡ ( f , φˆ), where φˆ satisfies the canonical commutation relations.
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Then, aˆ( f ) behaves as a creation or annihilation operator depending on the sign of the norm of the
solution. In addition, the expectation value of the number operator Nˆ( f ) = aˆ†( f )aˆ( f ) accounts for the
amount of particles in the state. To find the number of particles emitted between the n and m cycles
(where n > m 1), from the solution given by Eq. (35) and under the ground state conditions
aˆ(ψˆ`,k,T)|0〉 = 0 = aˆ (χˆ`,k,T) |0〉, k ≥ m, (40)
where we consider normalized packets ψˆ`,k,T and χˆ`,k,T, the expectation value 〈0|Nˆ(ψˆn,T)|0〉 has to be
calculated. Using Eq. (40), the following relation holds
〈0|Nˆ(ψˆn,T)|0〉 = (ψm,T,ψm,T)(ψn,T,ψn,T) 〈0|Nˆ(ψˆm,T)|0〉. (41)
And the norm of the T packet can be calculated from Eq. (32). As a result the number of particles emitted
at m and n cycles after the emission of a fixed outgoing particle is given by the expression
〈0|Nˆ(ψˆn,T)|0〉
〈0|Nˆ(ψˆm,T)|0〉
'
(
1+
1− cos[θP(W0)− θN(W0)]
2 sinh2 (piW0/|κ|)
)n−m
, (42)
in which the approximation that the packets are narrowly peaked aroundW0 was made. This expres-
sion provides an analytic proof for the amplification of Hawking radiation in agreement with Eq. (34).
Furthermore, it shows the variables that control the amplification process, such as the phase difference
between the modes P and N that propagate in the direction WH→BH. The number of particles emitted
from the OBHL depends on |κ|, the analogue of the surface gravity, as it is the usual case for analogue
systems, including the sonic black hole laser. In addition, the value of the phase difference can lead to
a maximal amplification of Hawking radiation in a WKB-condition similar to that derived for the sonic
case [20] or, at least, to no amplification, i.e, there is never reduction of Hawking radiation.
In particular, as the denominator of the second term of Eq. (42) is positive, then the condition for
maximum amplification of Hawking radiation is that the numerator reaches its maximum value, that is,
whenever
θP(W0)− θN(W0) = (2q + 1)pi, (43)
with q an integer. Hence, an explicit expression of the phase-difference is needed in order to find the
conditions for maximum amplification. We obtain now one of such expressions using a linear approxi-
mation.
4.5 Approximation of the phase difference
The number of particles emitted between the m and n cycles depends on the phase difference θP(W0)−
θN(W0), which in turn varies according to the value ofW0 and the form of v(τ). The explicit expressions
for the phases θP(W0) and θN(W0) are given by
θP,N(W0) = −2θCP,N +
∫ −e
τWH+e
dτWP,N (v(τ),W0), (44)
where the phase θCP,N is that of the coefficient CW0 of Eq. (30) and the parameter e > 0 is introduced, so
the corresponding coefficients of Eq. (30) acquire an e-dependence. By matching the solutions obtained
by the Laplace transform method with the connection formulas (in which the WKB solutions were used),
the explicit expression of the first term of Eq. (44) is given by
2θCP,N = piδ(P,N),N ∓
4
3
Ω0e3/2
√
2|κ|+ W0|κ| ln (2|κ|e) . (45)
On the other hand, the expression for the second term depends on v(τ). The integral can be analyt-
ically solved only for simple velocity profiles. Therefore, we restrict our treatment to cavities that are
large compared with the perturbations, such that v(τ) is well approximated for a large portion of the
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cavity by the constant value of v(τ) corresponding to δn = 0, which will be denoted by vmax ≡ c/(b1u).
Furthermore, near both horizons we can approximate v(τ) up to first-order in τ as
vWH(τ) ' 1+ |κ| (τ − τWH) , (46)
vBH(τ) ' 1− |κ|τ. (47)
Then, the times τ˜WH and τ˜BH, where the approximated functions vWH(τ) and vBH(τ) reach vmax can be
obtained as
vWH(τ˜WH) = vmax ⇒ τ˜WH = τWH + vmax − 1|κ| , (48)
vBH (τ˜BH) = vmax ⇒ τ˜BH = −vmax − 1|κ| . (49)
In this form, we divide the interval [τWH, 0] into three regions, as shown in Fig. 6. The values of v(τ) in
each region are
v(τ) =

vWH(τ) if τWH ≤ τ < τ˜WH
vmax if τ˜WH ≤ τ ≤ τ˜BH
vBH(τ) if τ˜BH < τ ≤ 0
(50)
With this model for v(τ), the second term on the right-hand side of Eq. (44) can be immediately
evaluated for θP,N as
θP,N(W0) '
(
±Ω0
√
v2max − 1+
W0vmax
1− v2max
)
(τ˜BH − τ˜WH)±Ω0
√
8|κ|
3
[
(τ˜WH − τWH)3/2 + (−τ˜BH)3/2
]
+
W0
2|κ| ln
[
e2
(τ˜WH − τWH)(−τ˜BH)
]
− piδ(P,N),N. (51)
Therefore, after substituting the values of τ˜WH and τ˜BH from Eqs. (48) and (49), the phase difference is
approximately given by
θP(W0)− θN(W0) ' 4Ω0|κ|
(
2
√
2
3
−
√
vmax + 1
)
(vmax − 1)3/2 − 2Ω0τWH
√
v2max − 1+ pi. (52)
This expression can be substituted in Eq. (42), so that the number of particles outside the cavity can be
approximated in terms of the separation τWH, which should be useful in experimental designs.
Under this approximation, Eq. (52) shows that the phase difference depends linearly on the sepa-
ration τWH between the horizons. This agrees with the qualitative argument given in Ref. [15]. On the
other hand, as both vmax and Ω0 depend on the dispersion relation in the absence of perturbation, then
κ and τWH are the only parameters that depend on the properties of the cavity.
If we fix the dispersion relation and consider the phase difference as a function of κ and τWH, the
possible values κres and τWH-res that yield a maximum amplification of Hawking radiation satisfy
2Ω0
|κres|
(
2
√
2
3
−
√
vmax + 1
)
(vmax − 1)3/2 −Ω0τWH-res
√
v2max − 1 = qpi, (53)
where Eq. (43) was used. Given the definition of κ in terms of the τ-derivative of the additional contri-
bution δn, it should be noted that Eq. (53) indicates that only certain values of the temporal duration of
the cavity and the steepness of the pulses produce maximum amplification of Hawking radiation.
If instead of approximating the cavity with the linear model we just described, we use a square
barrier of height vmax, the approximated expression for the phase difference, neglecting e-dependent
terms, is given by the last two terms of Eq. (52) because in that case |κ| → ∞.
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5 Propagation of pulses in an optical black hole laser
In order to study the propagation of a probe pulse trapped in a cavity constituted by other pulses,
usually the nonlinear Schro¨dinger equation (NLSE) can be used [31]. However, as the experiments of
Hawking radiation in fibers need ultra-short pulses to achieve measurable radiation [30] and are usually
performed in photonic crystal fibers, modifications must be made to include higher nonlinear terms and
a more realistic dispersion of the fiber [33].
In particular, propagation equations for ultrashort pulses based on the slowly varying envelope ap-
proximation (SVEA) present theoretical difficulties, as the field and the envelope coexist and evolve on
the same scale [33]. In consequence, the electric field E(t), which is a real quantity, is replaced by a
complex analytic signal E(t) [34], such that the relation between both quantities is given by
E(t) =
E(t) + E∗(t)
2
. (54)
In terms of the Fourier transform Eω of the analytic signal, the equation of propagation of the probe
pulse propagating in the z-direction is given by
[i∂z + β(ω)] Eω(z) + γ ω
2
c2β(ω)
Pω(z) = 0, (55)
where P is a polarization term, and γ stands for the nonlinear parameter, proportional to the nonlinear
index of refraction [31]. A shift −ω/u must be included in Eq. (55) so that it is solved in the co-moving
frame, resulting in the expression[
i∂z + β(ω)− ωu
]
Eω(z) + γ ω
2
c2β(ω)
Pω(z) = 0. (56)
Following the approach of Ref. [23], we may approximate the polarization term by the expression
P(z, τ) = 2n0|Ec(τ)|2E(z, τ), (57)
where Ec stands for the analytic signal of the solitons that constitute the cavity that traps the probe
pulse. Therefore, we consider the cavity as a fixed background, Ec 6= Ec(z), which can be achieved in
a regime where the probe is weaker than the solitons. In order to isolate the effects of the cavity from
other nonlinear ones, from now on we approximate that the cavity stays in δnmax after reaching this
value from the inside. The propagation of the probe pulse through the cavity should show the existence
not only of the modes corresponding to positive frequencies in the laboratory frame (IN and P), but also
of the negative ones (N and T), as they are an essential part of the optical analogy of Hawking radiation
and, of course, of the formulation of the OBHL. Furthermore, there is experimental evidence of their
existence [18, 21, 24].
We consider the initial form of the probe pulse as a Gaussian centered at ωp
E(0, τ) = Ap exp
(
τ2
2τ2p
)
exp(−iωpτ), (58)
where Ap is the pulse amplitude and τp is its duration, which can be related to its full-width half max-
imum (FWHM). In Fig. 8 (left), we show the evolution of an initial pulse centered at ωIN = 0.697 PHz,
of adimensional amplitude Ap = 2 · 10−4 and τp = 60 fs, in the presence of a soliton which produces
a maximum additional contribution δnmax = 0.0023 and a duration of τsol = 2 fs. The evolution of the
probe pulse can be determined by numerically solving Eq. (55). The dispersion used satisfies ωh = 0.875
PHz, and ω′(ωh) = 9.11 THz. Two main aspects should be emphasized about the evolution of the wave
packet. First, the mode conversion processes occur in the vicinity of the horizon, as expected. More
importantly, after ωIN reaches the WH it is converted into ωP and ωN as predicted by conservation of
ω′0. It should also be noted that the packets centered at ωP and ωN propagate at different velocities,
which is a consequence of the different values of vg and is also accounted for in our theory.
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Figure 8: (Color online). Time (top) and spectral (bottom) evolution of a probe pulse of frequency ωIN in the
presence of a fixed background (gray). On the left-hand side there is just one soliton situated at −400 fs, that
acts as a white hole horizon for ωIN and the mode conversion process yields a pair of packets centered at ωP
and ωN. On the right-hand side, a full cavity is shown, including a signal in ωT obtained in two ways, from a
transformed ωN and through mode conversion from ωP.
On the other hand, the evolution of a probe pulse in the presence of the whole cavity is shown in Fig.
(8) (right). In this case, the cavity is formed by a pair of solitons separated in the (τ, ζ) system by τc = 500
fs. A probe pulse of ωIN = 0.570 PHz reaches the WH and two pulses centered at ωP and ωN are created
as in the previous case. Then, the pair reaches the vicinity of the BH and is partially converted to ωT
and propagates outside the cavity. As in the previous case, ωT is such that ω′0 is conserved. It should be
mentioned that, as the trapped pulse propagates through the cavity, its temporal duration increases as a
consequence of the dispersion of the fiber and, more importantly, because each frequency in the interval
(ωmin,ωh) and (ωh,ωmax) reaches the horizon (and changes direction) at a different τ.
6 Conclusions
We have shown that the amplification of the analogue Hawking radiation is also possible in optics for
a normal dispersion regime, in contrast to the anomalous dispersion widely studied before [15, 20]. In
doing so, we established an equivalence between the effects of a velocity profile in a sonic context and
the additional contribution δn to the dispersion relation for the optical case, which can be seen in the
rearrangement showed in Eq. (11) of the usual Doppler relation in optical analogues.
We describe the mode evolution inside the cavity of an OBHL for both backward and forward prop-
agation inside the fiber. We propose an appropriate inner product for the solutions of the equation of
motion for the modes and use it to verify that the amplification of the analogue Hawking radiation can
be understood as a consequence of the norm conservation in the process of successive bounces of an ini-
tial packet trapped in the cavity. In addition, we obtained an explicit expression that demonstrates the
amplifying character of the phenomenon (Eq. (42)). As such expression depends on the phase difference
between the modes that propagate in the WH→BH direction, we constructed an approximate model of
the cavity and determined an explicit form of the phase difference (Eq. (52)). With this expression, we set
a relation between the duration and the steepness of the cavity in order to obtain maximal amplification
of the analogue Hawking radiation.
Moreover, by numerically solving the propagation equation for the probe pulse trapped between
the perturbations, we presented its evolution as it propagates through the cavity. We observed that the
mode conversion processes indeed take place in the vicinity of the horizons and that they lead to the
creation of packets centered at the frequencies theoretically predicted (Fig. 8).
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Although the phase difference should explicitly depend on ω′0, our result does not show this depen-
dence as it is the same for both the P and N modes in Eq. (20). So it should be expected that the inclusion
of additional terms in those approximations would restore an explicit dependence on ω′0. However, this
additional terms would modify the form of the WKB solutions and thus of all the related expressions.
It should be mentioned that for values of δn closer to the experimental ones, the frequency WT is
better approximated by evaluating the expression forWN of Eq. (20) with δn = δnmax. This modification
would alter the form of the WKB solution and the related expressions, in analogy with the previous case.
Even though the simplified model of the dispersion relation (Eq. (9)) reproduces the essential charac-
teristics of light propagation in a fiber, a real dispersion relation may enable the existence of additional
modes that correspond to the same value of ω′0. In a first approach, a more elaborated model of the
dispersion relation, which includes higher powers of ω, would allow for the existence of those modes.
However, it should be also taken into account that the corresponding equation of motion would neces-
sarily have to include additional terms corresponding to the order of the powers of ω, thus formidably
complicating both approaches of solution.
In 2010, A. Coutant and R. Parentani presented an alternative description of the sonic black hole
laser in terms of frequency eigenmodes that are asymptotically bound in space. They found that the ap-
proaches followed until then were valid under very specific conditions [35]. In that sense, the intention
of our work is to provide the optical context with a more robust theoretical basis, so that the ultimate
goal of observing in the laboratory the amplification of the analogue Hawking radiation is fulfilled.
It is also worth mentioning a recent work by the group of G. Agrawal [36] where the classical trap-
ping of a probe between two perturbations forming a cavity is used as a temporal waveguide, i.e., a
waveguide that guides in time instead of in space. This system is similar to our black hole laser, and
in particular, their approach of using optical modes that can be supported by the waveguide could be
used for short-duration cavities, where the WKB approximation breaks down. In that case, it would be
desirable to derive an expression showing the conditions of amplification in terms of the eigenmodes to
establish a connection between both approaches.
On the other hand, among the research topics in analogue gravity the gauge–gravity correspondence
has been recently studied [37,38] for BECs. It is left to see if this result can be derived in the optical case.
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A Evolution formulas forwards in ζ
In this Appendix we will obtain the evolution formulas forwards in ζ of Eqs. (36-39). Based on the
sketches of Fig. 7 (right), the evolution formulas around the WH are
(a) ψ`,n,T −→ ψn,P + ψn,N, (59)
(c) ψn,IN −→ χn+1,P + χn+1,N, (60)
whereas about the BH they read
(b) ψn,P + ψn,N −→ ψn,T + ψn,IN, (61)
(d) χn,P + χn,N −→ χn,T + ψn,IN. (62)
Therefore, if the solution consists of an initial T packet located at the left of the WH, from Eq. (59), the
resulting P and N packets can be evolved forwards in ζ using Eq. (61), giving
ψ`,n,T −→ ψn,T + ψn,IN, (63)
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where the last mode can be evolved using Eqs. (60) and (61). The expression of Eq. (63) can be evolved
forwards in ζ as
ψ`,n,T −→ ψn,T +
2
∑
j=1
χn+j,T + ψn+2,IN. (64)
After m cycles, the corresponding evolution formula is just a generalization of Eq. (64), that is
ψ`,n,T −→ ψn,T +
m−n
∑
j=1
χn+j,T + ψm,IN, (65)
thus obtaining Eq. (36). In particular, for the case m = n, the result obtained from Eq. (36) can be used
to derive the formula
ψ`,n,T − ψ`,m,T −→ ψn,T +
m−n
∑
j=1
χn+j,T − ψm,T, (66)
as shown in Eq. (37). If the initial situation corresponds to an IN packet traveling to the WH, by using
Eqs. (60) and (62), Eq. (38) can be obtained as a generalization of
ψn,IN −→
2
∑
j=1
χn+j,T + ψn+2,IN. (67)
In contrast, the formula shown in Eq. (39) is obtained by starting the derivation shown in this Appendix
with Eq. (61) instead of Eq. (59).
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